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Abstract 


We study the uniqueness in the path-by-path sense (i.e. oj-hy-co) of solutions to stochastic 
differential equations with additive noise and non-Lipschitz autonomous drift. The notion 
of path-by-path solution involves considering a collection of ordinary differential equations 
and is, in principle, weaker than that of a strong solution, since no adaptability condition is 
required. We use results and ideas from the classical theory of ode’s, together with proba¬ 
bilistic tools like Girsanov’s theorem, to establish the uniqueness property for some classes 
of noises, including Brownian motion, and some drift functions not necessarily bounded nor 
continuous. 
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1 Introduction 

Consider the stochastic differential equation (sde) 

Xt = xo+ f b{Xs)ds + Wt , te[0,T], (1) 

Jo 

where W is some noise process with continuous paths. That means, VP is a random variable 
defined on some complete probability space with values in the space C'([0,T]) of real 

continuous functions on [0, T], endowed with its Borel cr-field. A canonical example is Brownian 
motion. The function 6: M —?■ M is supposed to be measurable at least, and xq is a given 
real number. We refer the reader to Karatzas and Shreve m for the concepts on stochastic 
processes that we use in this paper. 

We recall that a strong solution of the equation above is a stochastic process X, with measurable 
paths, adapted to the filtration generated by VP, and such that, for every t, the random variable 
Xt — xq — Jq b(Xs) ds is well defined and is equal to VPt almost surely. In fact, the form of 
the equation implies that X must have also continuous paths, hence the processes {Xf — xq — 
/q b(Xs) ds, t G [0,T]} and {VP*, t G [0,T]} will be indistinguishable, i.e. they will be equal as 
C'([0, r])-valued random variables. It makes sense also to speak about local solutions, where 
the process X exists only up to some (random) time r. 

Uniqueness of solutions for the sde’s ([I|) (sometimes called strong uniqueness or pathwise unique¬ 
ness) means that given a probability space, a process with the law of VP defined on it, and the 
initial condition xq, two strong solutions are indistinguishable. The classical existence and 
uniqueness result for sde of the type m is the following (see, e.g. m Theorems 5.2.5 and 


5.2.9]): 
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Theorem 1.1. If b is a Lipsehitz function, then there is a unique strong solution to m- 


Existence and uniqueness of a strong solution can be proved under much weaker conditions on 
b, at least for the case of a Brownian motion W. Indeed, it was shown by Veretennikov m 
that it is enough that b be bounded and measurable, also under some non-additive noises. This 
type of result was extended to parabolic differential equations in one space dimension driven 
by a space-time white noise by Bally, Gyongy and Pardoux 0, Gyongy m and Alabert and 
Gyongy m- In the latter, as well as in Gyongy and Martinez m in the drift b is allowed to 
be locally unbounded, provided a suitable integrability condition holds. We refer the reader to 
Flandoli (5] Ghapter 2] for a more complete discussion on the topic. For processes other than 
Brownian Motion, we can mention Nualart and Ouknine m, m- We cite also Gatellier and 
Gubinelli [5], where a slightly different problem is considered: The coefficient b is generalized 
to non-functions, that means, to distributional fields, leading to delicate problems about the 
meaning of the composition b{X) and the definition of solution itself. 

Now we introduce an ordinary differential equation similar to &■ Given a real continuous 
function w S C'([0,T]), we may write 


Xt = Xo 


+ 



b(xs) ds + LUt , 


te[o,T] . 


( 2 ) 


If 6 is a function for which the existence of a strong solution of the related sde m has been 
stated, one can say immediately that there exists a solution to ([2]) for almost all continuous 
functions to with respect to the law of W. Nothing can be said of any particular u, however. 

Assume, on the other hand, that we could prove the existence of a solution to (I2|) for a certain 
class of functions oj having probability one with respect to the law of W. Would this yield 
an existence theorem for the sde? This is not clear, since the condition of adaptability in the 
definition of strong solution need not be satisfied, in principle. 

According to Flandoli [S], we will call path-by-path solution of the sde m a solution obtained 
by solving u-hy-uj the corresponding class of ode’s ([2]). Existence of a strong solution implies 
existence of a path-by-path solution, but the converse is not known to be true, in general. 
Similarly, uniqueness of the path-by-path solution does imply uniqueness in the strong sense, 
but not the other way round. 

We ask ourselves if this gap can always be closed or, on the contrary, if it is possible to find 
counterexamples. This seems to be a difficult problem. Notice that in the classical case (6 
Lipsehitz), it is true that a path-by-path solution is also strong. This is due to the Picard 
iteration scheme, which implies the existence of a strong solution, and to Gronwall’s lemma, 
which gives the uniqueness in the path-by-path sense. Therefore, the question concerns only 
the non-Lipschitz cases. 

We insist in the fact that establishing existence and uniqueness for a fixed particular oj G 
C'([0, T]) is a different problem. For example, if b{x) = \/[^, xq = 0 and w = 0, it is easy to see 
that the equation has exactly two local solutions (infinitely many, in a global sense), namely 
X = 0 and xt = t^/4. However, the corresponding stochastic equation with a Brownian Motion 
W has a unique strong solution (see, e.g. m)- Our results in Section [2] show in particular that 
the solution is unique also in the path-by-path sense. 

Goncerning uniqueness of path-by-path solutions, we only know the works of Davie mm and 
the remarks on them made by Flandoli [2]. In [U] it is proved, by means of an estimate quite 
complicated to obtain, that for a bounded measurable function b there is a unique solution to 
for a class of continuous functions a; which has probability one with respect to the law 
of Brownian Motion. Hence, the solution to the corresponding sde, which was already known 
to exist in the strong sense, is not only strongly unique, but also path-by-path unique. In 
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[7] a diffusion coefficient is introduced, and the equation interpreted in the rough path sense. 
We provide a simpler proof of the path-by-path uniqueness in cases where h is not necessarily 
bounded or continuous; however, we have to restrict ourselves to dimension one, whereas in 
151E! the equations are d-dimensional and the function h may also depend on time. 

In this paper we apply some ideas from the theory of ordinary differential equations to study 
the path-by-path uniqueness of equation ([T]). Existence theorems are very general (e.g. Peano 
and Caratheodory theorems, that can be found in classical books like Hartman m) ; how¬ 
ever, uniqueness (and non-uniqueness) results are poor and fragmented in comparison, and 
particularly scarce for equations of the form ([2]) (see, for instance, the book by Agarwal and 
Lakshmikantham [I], dedicated to the subject). 

The paper is organized as follows. In Section [2] we use an extension of lyanaga’s uniqueness 
theorem (Theorem 12.3p for ode’s, and Girsanov’s theorem, to establish our main result: the 
path-by-path uniqueness of equation m for a Brownian motion W. Next, we see that the 
hypotheses on b can be relaxed if the noise has a constant sign, leading to similar theorems for 
the absolute value of the Brownian motion \Wt\ and for — |IW|. In Section 3 we consider the 
particular case of the square root: Using Lakshmikantham’s theorem (Lemma 13.4p . we obtain a 
simpler proof when b{x) = \/|)^ and the noise is non-negative; moreover, a discontinuous version 
of the square root exemplifies that continuity is not essential for the techniques of Section [5] to 
work. Finally, in Section 4 we use the idea behind the proof of Peano’s uniqueness theorem to 
deal with some differentiable noises. 


2 Main results 

Let w: [0,T] —)• M be a fixed continuous function, with cjq = 0, and 6: M ^ M a measurable 
function. Consider the equation 


xt= [ b{xs) ds + uJt , t e [0, T] . 

Jo 

Taking yt := xt — cot as a new unknown function, ([3]) is equivalent to 

yt= f b{ys + ujs)ds , te [0, T] . 

Jo 


(3) 

(4) 


Let us assume that this equation have at least one continuous solution y: [0, T] —M, which is 
true by the Peano existence theorem if b is continuous (see, for instance, Lakshmikantham and 
Leela m Theorem 1.1.2]). 

We will find some sufficient conditions on oj ensuring the uniqueness of that solution. Towards 
this end, consider the following set of hypotheses on function b: 


HI. 6(0) = 0. 

H2. 6 is non-decreasing on (0,oo). 

H3. 6 is continuous on [0,oo), and of class with b' non-increasing on (0,oo). 
H4. 6(|x|) < 6(—jxj). 

H5. 6 is non-increasing on (—00,0]. 


Notice that, under these hypotheses, any solution y of (|1|) is non-negative and non-decreasing. 
We will make use of the following two lemmas: 
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Lemma 2.1. Assume hypotheses H1-H5 hold true. Then, for any two solutions y and y of 
equation sueh that y <y, and for any continuous function to with wq = 0 and not identically 
zero on the interval [0,T], we have the inequality 


Kvt + ^t) - Kvt + Wi) < {yt - yt) ■ h'{\yt + u}t\+) (5) 

< {yt - yt) • [l{a;t> 0 } • + f f^s)+) 

0 

+'^{LJt<o}' b'{\yt + ^t\+) 5 t€[0,T], 


where h'{z+) means and 6'(0+) may be infinite. 


Remark: We write right-limits only because b' is not necessarily defined at zero. 


Proof. The proof will be divided into several cases. 

Case 1: t such that cot > 0 . 

By the mean value theorem, and using that b' is non-increasing on the positive axis, 
b{yt -h (Wt) - b{yt + ut) < {yt - yt) ■ b'{{yt + ujt)+) , 
which, together with Q, implies 

b{yt + uJt) - b{yt + oJt) < {yt - yt) ■ b'(^(^uit + b{ys + ojs) 

< {yt - yt) ■ b'(^(u}t + i{uj,>o}b{ys + w*) 

< {yt - yt) ■ b'(^(uit + ds)+) . 

Case 2: t such that —yt < ovt < 0 . 

Similar to the case 1, the mean value theorem gives 

b{yt -h wt) - b{yt + ut) < {yt - yt) ■ b'{\yt + ujt\+) . 

Case 3: t such that < ujt < —yt ■ 

We have yt + wt > —yt — ut > 0. Therefore, 

b{yt + OJt) - b{yt -h uJt) < b{yt + oJt) - b{-yt - oJt) 

< {yt + yt + • b'{\yt + ujt\+) < {yt - yt) ■ b'{\yt + wt|+) , 

where we have used hypothesis H4 in the first inequality. 

Case 4: t such that —yt <0Jt< . 

Now, yt + OJt < —yt — wt < 0. Using again hypothesis H4, 

b{yt + OJt) - b{yt + oJt) < b{yt + oJt) - b{-yt - oJt) < 0 . 


Case 5: t such that oJt < —yt . 

Here, we have yt + oJt < yt + oJt < 0. Hence, by H5, 

b{yt -h OJt) - b{yt + 0 Jt) <0 . 
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□ 

Lemma 2.2. Let f,g,h: [0, T] be continuous functions, and k: [0,T] xM —)• M measurable. 
Assume 

f{t) < h{t) + [ k{s, f{s)) ds and g{t) > h{t) + [ k{s, g{s)) ds , i G [0, T] , 

Jo Jo 

and that k is non-decreasing in the second variable and 

y) - k{t, y) < a{t){y - y) , /or y, y G M, y < y . 

for some integrable function a: [0,T] —?■ M. 

Then f{t) < g{t) for all t G [0,T]. 


Proof. See Pachpatte [HI Theorem 2.2.5]. □ 

Theorem 2.3. Let b satisfy hypotheses H1-H5 and y be a solution of &■ Assume that the 
funetion 


^ 0 

belongs to L^([0,Tj). Let y be another solution, with y <y. Then, y = y. 

Remarks 2.4. 


( 6 ) 


1. If b is eontinuous, so that maximal and minimal solutions exist, one may say that a 
solution y satisfying Condition m is maximal. And that, if the minimal solution satisfies 
m, then the solution to is unique. 

2. This result eould be seen as an extension of lyanaga’s uniqueness theorem, where the 
function a{t) was assumed to he continuous. For details see |Il Theorem 1.13.1]. 

3. We could replace H3-H5 by the existence of a measurable non-negative function g such 
that inequality holds with g{z) in place ofb'{z+), and write g{\yt + ^^t|) in plaee of a{f) 
in (0j. 

Proof. Set cj) = y — y and k{t,z) = a{t)z, for t G [0, T] and z G M. Suppose that there is 
ti G (0, T) such that = zi > 0 and consider the function u such that 

f u{t) = zo + /o k{s, u{s))ds , t G [0, T] 

= Zl . 


Note that the definition of k yields that zq > 0. Hence, from Lemma l2.11 we have 


4>t = yt-yt=[ [b{ys + u}s) - b{ys-I ujs)] ds < [ /c(s,/s)ds, tG[0,r], 

Jo Jo 


and therefore 


4>t - u{t) < 



u{s)) ds , t G [0, T] . 


Thus, Lemma f2.2l applied to f{t) := (ft — u{t), g{t) : = 
leads to write 


(kt - u{t) < -zq exp 



—zo expl/g a(s) ds} and h{t) := —zq, 


t G [0, T] , 


which, for t = ti, gives 0 < —zoexp { /q^ a(s)ds} < 0, a contradiction. Consequently, (/ = 0 on 
[0, T] and the proof is complete. □ 
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We use Theorem 12.31 in the proof of Theorem 12.61 below in order to show the path-by-path 
uniqueness for equation dH). Davie [B] computes a difficult estimate of the moments of the 
integral 

[ {biWt + x) - biWt)) dt . 

Jo 

to replace Lipschitz-type conditions in the study of a multidimensional version of (jl]) with 
bounded b. The use of direct results on ordinary differential equations allows a different and 
shorter proof in dimension one, valid for unbounded coefficients b. In the proof, besides Theorem 
Ea we make use of the following comparison theorem (see, for instance, Hartman CZl Theorem 
III.4.1]). 

Lemma 2.5. Let h: [0, T] x M —>■ R 6e a continuous function, c S R and u the minimal solution 
to 

u' = h{t, u), uq = c . 

Also let V be a differentiable function such that vq > c and v[ > h{t,vt), t € [0, T]. Then, on 
the interval of existence of u, vt > ut- 


The following is the main result of this section. 

Theorem 2.6. Let W be a Brownian Motion on some probability space {Ll,JF,P), and let 
b: M be a function satisfying hypotheses H1-H5 and: 


H6. b is continuous and |6(x)| < (7(1 -|- |x|), Vx. 


H7. Ep / b'{\Ws\+)ds 

L JO 


< oo. 


Then, the stochastic differential equation 

Xt= f b{Xs)ds + Wt , te[0,T] 

Jo 

has a unique path-by-path solution. 


(7) 


Proof. Notice that, since b is continuous, there exist minimal and maximal solutions to Equation 
© for every continuous path to of the Brownian motion W. Eirst, we are going to construct 
a solution adapted to the natural filtration {77}tg[o,T] of ^ which coincides with the minimal 
solution to ©; secondly, we will see that this adapted solution also coincides with the max¬ 
imal solution. In conclusion, we will get the path-by-path uniqueness of the given stochastic 
differential equation. 

Let bn{x) := b{x) — n > 1. Consider a polynomial Pn{x) such that 

\bn{x) -Pn{x)\ < £n , for X G [-u,n] , 

with En = 2n(n+i) ’ extend it as Pn{x) = Pn{n), for x > re, and Pn{x) = pn{—n), for x < —re. 

Let f{t, y) := b{y + ut), and fn{t, y) '.= Pn{y + wt). The functions fn are bounded, continuous 
and globally Lipschitz in the second variable, uniformly in the first. Therefore, the stochastic 
differential equation Yf = /q fnis, Yf) ds (equivalently, Xf = /q pn{Xf) ds + Wt) has a unique 
{J7}-adapted solution, which is a path-by-path solution of the corresponding deterministic 
equation for almost all Brownian sample paths. Also, — 2 < /„ < / and fn converges to / 
pointwise and monotonically from below. 
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By Lemma 12.51 applied to 

f yr = fnM) 

\ y't = fit: yt) > fnit, yt) 

[ 2/^ = 2/0 = 0 , 

where y is any solution of (HD, we get y > y”’, on [0,T]. By the same comparison argument, 
since {fn}n is non-decreasing, the sequence of solutions y” is non-decreasing as n ^ oo. 

Clearly, there exists a compact set AT C M such that y”': [0, T] —>■ K, for all n. Hence, by 
Dini’s theorem, the sequence fn converges uniformly to / when all functions are considered on 
[0, T] X K. 

We can then apply Theorem 1.2.4 of Hartman [12], which states that a certain subsequence 
y’^'' is uniformly convergent on [0,T] to a solution of y' = f{t,y). But since {y”} is increasing, 
it must itself converge to that solution. Finally, given that y”' is bounded from above by any 
solution of (HD) the limit must be the minimal solution. 

The stochastic process Yt constructed in this way is therefore a solution, {Tt}-adapted, of the 
stochastic differential equation Yt = /q b(Ys + Wg) ds. Hence, the process Xt := Yt -|- VLt is a 
strong solution of CD- 

For the second part of the proof, we start with the process X just constructed, and prove first 
that /(J' 6'(|Xs|-i-) ds is finite almost surely. Indeed, let X be a Brownian motion under some 
other probability Q on thanks to the linear growth condition H6 and [141 Corollary 

3.5.16], Girsanov’s theorem can be applied and there exists a probability P equivalent to Q 
such that Xt — Jq b(Xg) ds =: Wt is a P-Brownian motion. That means that {X, IT) is a weak 
solution of equation (HD . 

By H7, and the equivalence of P and Q, we obtain 

.p(^^6'(|X|+)ds < oo) = 1 . (8) 

The processes X and X have a.s. continuous paths under probabilities P and Q (hence P), 
respectively. Therefore, PiJ^ h{Xg)‘^ ds < oo) = 1 and P[ f^ b{Xg)"^ ds < oo) = 1, thanks to 
H6. Applying Ha Proposition 5.3.10], we obtain that the laws of the vector processes (X, IT) 
under P and {X, IT) under P are the same. 

Consider the space of continuous functions (^([O, T]) with its Borel cr-field and the M-valued 
functional on C'([0,r]) given by A.g{x) := /g^y(jxsj) ds, with g: M+ —)• M continuous. Ag is 
a continuous functional, and therefore measurable. This is also true when g is the indicator 
function of an interval, due to the dominated convergence theorem. By the usual monotone 
class argument, we get that Ag is measurable for all bounded measurable functions g. And by 
the monotone convergence of the integrals, we get the same also for unbounded non-negative 
functions. That means that the law of the random variable Ag{X) under P coincides with that 
of Ag{X) under P, and in particular, applied to g{z) := b'{\z\+), 

p(^ j 5'(jXsl-i-) ds < cxd) = p(^J 6'(jXsj+) ds < cxo) , 

which together with (HD yields that 6'(jXsj+) ds is a.s. finite, as we wished to see. It means 
that the process Yt = Xt — Wt satisfies that t b'{\Yt + ITtj+) is a.s. integrable on [0, T]. 
Moreover, using hypotheses H3 and H7, the almost sure integrability of 

l{wt>0} • + f l{aJs>0}^(‘^s) d's)+) 

0 
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is immediate. Applying Theorem 12.31 one concludes that Yt{oj) coincides a.s. with the maximal 
solution to the deterministic equation (H]). 

We have seen that Yt{(jj) is both the minimal and maximal solution of (jl]). Hence, Xt = Yt + Wt 
is the unique path-by-path solution to the stochastic differential equation (0. □ 

Remark 2.7. As a by-product of the proof, we have seen that under the conditions of the 
theorem, the unique path-by-path solution is also a strong solution, i.e. it is {iFt}-adapted. Also, 
Theorem \2.b\ is valid replacing b' by a function g satisfying the conditions of Remark \2.4i 3) and 
hypothesis H7. 

Examples 2.8. The paradigmatic function satisfying all our hypothesis is the square root: 
b{x) = ^/\x\. In fact, all functions of the form h{x) = |x|“, with 0 < a < 1, are continuous 
non-Lipschitz functions satisfying H1-H7. To check H7, just notice that Wg is Gaussian with 
variance s, and therefore 

E[|iys|“~^] = Ca ■ s^~ , for some constant Ca, for every a > 0 . 

The hypothesis of continuity of b is needed in the proof of Theorem 12.61 to guarantee the existence 
of the uniform approximations of b{x) — ^ on [—n, re] by polynomials. However, one can allow 
for some discontinuities and ideas similar to those of the preceding proof can be applied. For 
example, this is the true with the function 


b{x) 



if X > 0 
if X < 0 . 


We develop this particular case in the next section. 


□ 


Observe that the condition ([6]) for the uniqueness of solutions does not depend only on the noise 
function lo and the coefficient b, but also on the minimal solution y to dH). It is necessary to 
have an estimate of the type b'{\yt -t-cu^j-i-) < F(t), with an integrable function F, to obtain the 
uniqueness from Theorem 12.31 Hypothesis H6 was only used to this purpose. For a non-negative 
noise however. Condition 0 becomes 

b'(^(u)t-\- € L^{[0,T]) (9) 

and such an estimate is not necessary. Hypotheses H4 and H5 are not needed either. For 
instance, we can prove the following result, where the noise is the absolute value of a Brownian 
motion. 

Proposition 2.9. Let Wt be a Brownian Motion, and consider the stochastic differential equa¬ 
tion ^ 

Xt= ! b{Xs)ds + \Wt\ , tG[0,r]. (10) 

JO 

Assume b satisfies hypotheses H1-H3 and H7. Then, equation m has at most one non-negative 
path-by-path solution, for almost all sample paths ofW. 

If, moreover, b>0 on an interval (—e,0), then this is the unique path-by-path solution. 

Proof. As we have already pointed out, we only need to show that condition 0 holds true 
for almost all sample paths of jlTj. But this is an easy consequence of the facts that 6(|IF|) 
is non-negative, b' is non-increasing on (0, oo) and the expectation in H7 is finite. If b is also 
non-negative on an small interval to the left of 0, then any solution will be non-negative, and 
we get the path-by-path uniqueness. □ 
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Remark 2.10. One can also deduce from Condition m a result for negative noise: If uj < 0, 
equation m is equivalent to 

rt 


zt 


b{zs) ds + Cot 


where b{z) := —b{—z) and ut := —oJt- Therefore we obtain in this case the uniqueness of a 
non-positive solution under condition m and the hypotheses 


HI. 6(0) = 0. 

H2’. b non-decreasing on (—oo,0). 

H3’. b continuous on (—oo,0], and of class with b' non-decreasing on (—00,0). 

Hence, in this situation, the stochastic differential equation UW with —|VLt| instead of+\Wt\ 
has a unique path-by-path non-positive solution; and it is the unique path-by-path solution if 
moreover b < 0 on some interval (0, e). 


Some known results for uniqueness in the theory of ordinary differential equations can be used 
in particular cases to obtain results similar to those above; this will be illustrated in the fol¬ 
lowing sections. In Section [3] we consider the discontinuous case based in the square root that 
was mentioned in Examples 12.8[ and the square root itself, b{x) = for a non-negative 

disturbance. For the latter, the results are not really better than applying the general setting 
above, but they are easier to obtain by other means. In Section 01 we study the uniqueness of 
the solution to equation (jH) for some differentiable noises. 


3 The particular case of the square root 

3.1 Example: square root with a discontinuity 

One can allow the function 6 to have some discontinuities and still get uniqueness of solutions. 
We illustrate this point with 


b{x) = 




if a: > 0 


^—x -|- 1, if X < 0 . 


Defining 




bn{x) = 


^TTx -|- 1 — 


n ’ 


if X > 0 

if X < — 


-{nz^^)x-\, if-^<x<0. 


we have that {bn '■ n S N} is a sequence of continuous functions on M such that, for x S M, 

1 


bn{x) < 6(x) and 6„+i(x) - 6„(x) > 


( 11 ) 


n(n -|- 1) 

As in the proof of Theorem 12.61 we consider a polynomial pn such that 

|6n(x) -Pn{x)\ < £n , for X E [-n,n] , 

with En = 2n(n+i) ’ extend it as Pn{x) = Pn{n), for x > n, and Pn{x) = pn{—n), for x < —n. 
The definitions of bn and pn, together with dl), allow us to deduce that, for x E M, 


Pn+l(x) - Pnix) > 0 and 6(x) > Pn{x) -h Sr, 


( 12 ) 
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Hence, —^ < Pn{x) < b{x), x € M. Therefore, using that b has linear growth, we can find 
a constant K > 0 such that 


\Pn{x)\ < K{1 + \x\) , for and nSN. 


(13) 


Now we consider 

= -e^ + fpm{Yj^^ + Ws)ds , te [0, T] , (14) 

Jo 

where 0 as m —>■ oo, and IT is a Brownian motion. Observe that the fact that pm is a 
bounded Lipschitz function implies that equation (I14p has a unique solution, which is measurable 
on H X [0, T] and adapted with respect to the filtration {JFt} generated by W. In order to see 
that the minimal solution to equation ([7]) is also measurable and {J^t}-adapted, we establish 
the following lemma. 

Lemma 3.1. Let Y be a solution of equation 

Yt = biYs + Ws)ds , te [0, T] , (15) 

Jo 

m E N and the solution of Then, 

Yt > t E [0, T] . 


Proof. By Lemma (2.51 and we only need to see that Yt > Y^^\ for t E [0, T]. By the 

continuity of Y and y(™-), and Em > 0, there is to £ (0, T] such that Yt > Y^^\ for t E [0,to]- 

Now suppose that there exist ti < T and r/ > 0 such that 

Yh = y}^^ and y/™^ > Yt , for t E [ti, ti + ry] . 

Then, for h > 0 small enough, 

_ 'yUO — V V V 

^ ti+h ^ t\+h ^ti+h Xti^ 

h “ h h ■ 

Consequently, 

pM + Wt,)= PmiY^^ + Wt,)> D+Yt, , 

with D~^Yt^ = limsup/j^o ■ 

On the other hand, m leads to write 


Yt,+h - Yt, 

h 


1 

h 



b{Ys + Ws) ds > 



{PmfYs + Wg) + Em) ds . 


Therefore, 


D^Yt^ > PmiXti + Wt^f) + Em> Pm(Yti + Wt^f) , 


a contradiction. The proof is complete. 


□ 


Now we introduce the measurable and {J7}-adapted process Yt := limm^oo which is 

well-defined due to Lemma EH 

Lemma 3.2. The process Y is absolutely continuous (i.e. it has absolutely continuous paths). 
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Proof. Let Wf = sup^giQ-^] \ Wt\. Then (fTHI) yields, for some constant iL, 

\Yt\ <K r \Y^'^^\ds + K{I + T + TWf) , t S [0,r] . 

Jo 

Thus, Gronwall’s lemma implies 

< A:(1 + T + TWf) ex.p{KT) , t S [0, T] . (16) 

It therefore follows that there exists a positive constant C such that, for 0 < ti < ^2 < • • • < 
te <T, 


i-i 


£-1 


i-i 


E I<1 - ^ ^E /. (l + ds < C{1 + Wf) E(i *+1 - ti) . 

i=l i=l i=l 

Finally, we prove the assertion of the lemma by letting n ^ oo. 


(17) 

□ 


Observe that an immediate consequence of Lemma [3 .2 1 and (II 7p (with £ = 2) is that there exists 
a measurable and {Tij-adapted process A such that 

Yt=f^Asds and |Ai| < C(1 + IT^) , tG[0,r]. (18) 

Jo 

Now we can state the main result of this example. 

Theorem 3.3. The proeess Y is the unique path-by-path solution of equation U5\) . 


Proof. We first observe that m and Girsanov’s theorem (see Theorem 3.5.1 and Gorollary 
3.5.16 in Karatzas and Shreve M) imply that ITt + 1* / 0 for almost all t € [0,T], with 
probability 1. Now choose s E [0, T] so that Ws -\-Ys 7 ^ 0 a.s. Then 


p„(y W + VF.) - b{Ys + IT,) 

< p„(tM + IT,) - 6„(T,W + IT,)| + |6„(Ti") + IT,) - b{Yj^^ + IT,) 
+ 6(tW + it,) - 6(T, + IT,) 


^ H-h 

n 


b(Yj^) + IF,) - b{Ys + W,) 


So we can conclude that pniYg^'^ + IT,) b{Ys + IT,) a.s. as n ^ oo due to the continuity of b 
on M — {0}. Hence, (IT3I1 . (fTT|l and (fTHjl give 

Yt= f\{Ys + Ws)ds , t€[0,T]. 

Jo 


We have obtained that the {J-)}-adapted process Y is, by Lemma 13.11 the minimal solution, a.s. 
Now we can finish as in the proof of Theorem 12.61 Instead of the continuity of b it is enough 
that b be locally bounded to use that P{Jq b{Xs)^ ds < oo} = 1. □ 
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3.2 Example: Square root and non-negative noise 


We assume in this section that a;: [0,T] —)• [0,oo) is a fixed continuous non-negative function. 
Consider the equation 

nt I - 


Xt 


Xs\ds + ujt 


ts [o,r] . 


(19) 


and its equivalent, defining yt = xt — uJt, 


yt = \/\ys + ^s\ds , ts[0,r]. (20) 

Any solution y of (I20|) is clearly a continuously differentiable, positive and non-decreasing func¬ 
tion. The absolute value inside the square root is therefore unnecessary. 

We will make use of the following uniqueness theorem (see Agarwal and Lakshmikantham PQ 
Theorem 2.8.3]): 

Lemma 3.4. (Lakshmikantham’s Uniqueness Theorem). Suppose that f{t,y) is defined in 
D := (0, T] X [—a, a], measurable in t for each fixed y, eontinuous in y for eaeh fixed t, and there 
exists an integrable function M on the interval [0, T] such that \f{t,y)\ < M{t) on D. Consider 
the ordinary one-dimensional differential equation 

y'{t) = f{t,y{t)) , y{0) = 0 , (21) 

and define a classical solution of /TEZl) on [0, T] as a function y satisfying the initial eondition, 
continuous in [0, T], and differentiable and verifying the equation on (0,T]. 

Assume that: 


i) Any two classical solutions y and y of (dip satisfy 

lim = 0 , 

t —^0+ iBi 

where B is a eontinuous and positive function on (0, T] with limj_j,o+ B{t) = 0. 


a) There is a eontinuous and non-negative function g: (0, T] x [0,2a] for which the only solution 
z of z^ = g{t, z) on [0, T] sueh that lim^_j,o+ -^ = 0 is the trivial solution z = 0. 

Hi) f is defined on D (the closure of D), and for all {t,y) and {t,y) in D, the inequality 
\f{t,y) - f{t,y)\ < 9 {t, \if -y\) is satisfied. 


Then, equation above has at most one classical solution on [0, T]. 

Our equation reads ?/( = f{t,yt), with f{t,y) = ^/y + ojt. In this case, moreover, the function / 
is continuous, and Lakshmikantham theorem implies the uniqueness of ordinary solutions (i.e. 
of class in [0,T]). 

Let y and y be the minimal and maximal solutions of (1201) . respectively. By the mean value 
theorem applied to f{x) := y/x, we have 

'Jyt + ^t — Vyt+fot = ^2^ ' ^ ^ ’ 

£ 1 

for some £ [yt,yt]- Since lo^s ds, we find the bound 

\/yt A — Vyt A tot < ^2^ ' J ^ £ [ 0 ) ^] • ( 22 ) 
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We also have that ([20]) implies 

{yt - yt)' < \/yt - yt , te[o,T] . 

Using Lakshmikantham and Leela m Theorem 1.4.1], the difference yt — yt is bounded by 
the maximal solution to zt = /g y/zfds, which is zt = t^/4. Now, taking B{t) = with any 
a E (0,2), hypothesis (0) of Lemma ld.4l is clearly satisfied. 

For conditions (jn]) and (jm]) . notice that, by (1221) . we can take 

g{t^ z) ■.= -■ [ut + J dsj , t E (0, T] and z E , 

assuming the expression on the right makes sense. The differential equation z't = g{t, zt) is 
linear, and all its solutions can be explicitly written as 

r 1 /■* / \ “1/2 'i 

Zt = cexp | - y [u}s + cjy^drj dsj 

for some constant c and tg £ (0,T]. Then, if s w* + f^LOrdr is integrable at O"*", those 
solutions can only tend to zero at the origin if z = 0. 

Thus, we have proved the following result. 

Theorem 3.5. Assume that the noise co is such that (a;. + JqUJs dsj E L^([0,Tj). Then, 
there exists a unique solution to equation m- 

As an immediate consequence of this theorem, we recover the result of Proposition 12.91 in an 
easier way: 

Corollary 3.6. Let W be a Brownian Motion, and consider the stochastic differential equation 

Xt = ^/\^\ds + \Wt\ , tE[0,r]. (23) 

Then, equation has a unique path-by-path solution, for almost all paths ofW. 

Proof. In view of Theorem 13.51 we only have to show that for almost all sample paths cu of a 
Brownian motion, 

(||a;.| + ^ ds) ^ ELy[0,r]), 

and this has already been checked in Examples 12.81 

□ 


4 Differentiable noise 


In this section we analyze the uniqueness of a solution to equation ([2]) for some differentiable 
perturbations. Equivalently, we are dealing with the absolutely continuous solutions to 

(x't = b(xt) + w't , t-a.e. on [0, T] 

Uo = 0 , 


where w is a function in C'^([0,T]), and we want to keep at a minimum the hypotheses on b. 

We state first a general result for noises with a strictly negative derivative. We mimic the proof 
of Peano’s uniqueness theorem (see, for instance, [TJ Theorem 1.3.1]). 
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Theorem 4.1. Let oj be a function on [0,T] such that wq = 0 and with negative derivative 
(i.e. 0 J^ < 0 fort E [0,T]). 

Assume that 


i) b is measurable and lim 3 ;_>.o 6(x) = 6(0) = 0. 

a) For some r] > 0, there exists an increasing continuous function g: [0,r]) —>■ M, of class 
on with g' non-increasing, and such that: 

H8. X g'{—x)b{x) is non-increasing on (—??, 0). 

Hi) There exists either a maximal or a minimal solution to 

Then, there is a unique local solution to equation l2f\) . Global uniqueness on [0, T] is true if 
T] = oo. 


Proof. Let x and x be two solutions such that x < x. We first observe that for some e > 0, we 
have —rj/2 < x, x < 0 on (0, e) due to the continuity of uj' and 6 at zero, and to ujq < 0. 

Define zt := g(—xt) and zt := g(—xt) on [0,e). Both z and z are absolutely continuous since g 
is and x and x are absolutely continuous, and 


4 = -g'(-xt)(b(xt) -hoj't) and 4 = -g'{-xt){b{xt) + (w'f) , t-a.e. on (0,e) . 

The fundamental theorem of calculus gives, for 0 < 6 < t < e, 

{zt - Zt) - (zs-zs) = f [- g'{-Xs)b{xs) + g'{-Xs)b{xs)] ds + f -uj'^ ■ {g'{-Xs) - g'{-Xs)) ds 
J S J s 

< [ -^'s • (a'i-xs) - g'{-xs)) ds , 

J S 


since, by H8, the first integral is non-positive. Letting 6^0 and using ii), we obtain 0 < 
Zt — Zt < 0. Consequently we have that z = z on [0, e). And, since g is increasing, we get x = x 
on [0, e]. 

Now assume that the function g is defined on [0,oo), and that uniqueness holds up to to < T. 
Any solution x will satisfy 

xt = xto-\- [ b{xs)ds -PuJt-oJto , t e [to,T] , 

Jto 

where xt^ is a common value to all of them. Notice that every time x hits the origin, it is 
differentiable at that point and its derivative is negative. Therefore, Xtg < 0 and, by continuity, 
two solutions x and x will be negative in some interval (to , to + s) • We can proceed again as in 
the beginning of the proof to extend uniqueness beyond to- □ 


Remarks 4.2. 


1. A well known sufficient condition for the existence of maximal and minimal solutions is the 
continuity of b. But weaker conditions exists in the literature. For instance, in the situation 
given, this is true if: 

(a) b has linear growth, and 

(b) lim supj^_j, 2 ,- b(y) < b(x) < liminfy_^ 3 ,+ b(y), for all x. 

These conditions follow easily from the general Theorem 3.1 in m- Fven weaker conditions, 
allowing jumps in the “wrong direction”, can be found in m and H- 
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2. The continuity of b at zero can be replaeed by other conditions ensuring that the solutions 
remain negative. For example, if 

(a) lim sup 2 ,_j.o < 0, or 

(b) There is a non-decreasing continuous function f such that b < f on an open interval 
eontaining 0 and /(O) + Wg < 0. 

In this case, 

xt= [ {b{xs) + wO ds < [ {f{xs) + ds 
Jo Jo 

and X is bounded by the maximal solution of 

ut= f {f{us) + to'f) ds 
Jo 

(see Pachpatte m Theorem 2.2.4]), whieh is negative on an interval (0,r/). 

3. An example where the above remarks apply is given by 


b{x) 



if X >0 
if X < 0 . 


A maximal solution exists by the suffieient conditions of statement 1. Then both (a) or (b) 
of statement 2 are applicable with f{x) = ^/x ■ l{a;>o} the second case. 

The following result is also inspired in the proof of Peano’s uniqueness theorem. We consider a 
particular example of an ordinary differential equation driven by a differentiable noise, positive 
in a neighbourhood of zero, but changing sign afterwards. By “piecewise Lipschitz” below 
we mean a function whose domain can be partitioned into intervals such that their interior is 
non-empty and the function is Lipschitz on each of them. 

Example 4.3. Consider ojt = at + t^~^d sm(t“^), where a, /3 > 0, t G (0, T] and cug = 0. 
Assume: 


i) b is measurable and lim 2 ,_).o 6(x) = 6(0) = 0. 

a) For some r/ > 0, there exists an inereasing eontinuous function h: [ 0 , 77 ) M, of class 
on (0,r/), with h' non-increasing, and sueh that: 

H9. x h'{x)h{x) is non-inereasing on (0,7/). 

Hi) There exists either a maximal or a minimal solution to |^p. 

Then, there is a unique heal solution to equation Global uniqueness on [0,T] is true if, 

furthermore, 

i’) b is non-negative, either piecewise Lipschitz or locally Lipschitz on (—oo,0), and locally 
Lipschitz on (0, 00 ). 

ii’) rj = 00 . 

iv) There exists g: [0, 00 ) ^ M satisfying assumption ii) of Theorem EH 
Then, equation has a unique solution. 
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Proof. If X is a solution to (|24l) with the given noise oj, we can see, as in the preceding theorem, 
that there is an e > 0 such that 0 < x < ry/2 and a;' > 0 on (0, e). Given any two such solutions 
with X < X, define zt := h{xt) and zt := h{xt), on [0,e). 

Hence, proceeding as in the proof of Theorem 14.11 but using hypothesis H9 instead of H8, we 
obtain that ^ 

0 < Zt — Zt < [ ix'g- {h'{xs) — h'{xs)) ds < 0 , 

Jo 

and therefore equation (I24p with the given oj has a unique solution on [0,e]. 

For the second part, assume that uniqueness holds up to to < T- We distinguish the following 
cases: 


Case 1: xt^ > 0 . 

We only need to use that b is locally Lipschitz to extend the uniqueness to the right of to- 
Case 2: xto < 0, < 0 . 

Here we use condition H8, and we finish as in Theorem HU 


Case 3: Xt^ < 0, > 0 

We can write 


- (/3 + 1)? “ ^ cos(to ^) - t^ ^ sin(to 

to 


-to 


> -{/J+ '^)—- {P+ '^)to ^cos(to^)-t^ ^sin(to^) 
to 


a 


>-(/3 + l)- + (/l + l) 
to 


—a 


to 


-{(3 + 2)t^ sin(to 


J./3—2 . /i —i\ 

- to sm(to ) 




(25) 


On the other hand, the facts that xt^ < 0 and b is non-negative imply utQ < 0. Thus, 
—tQ"’"^sin(t(("^) > ato > 0, which, together with (12^ . yields 


‘^to > (/3 + 1) 


a 


-2^ -{/3 + 2)t^ sin(to 
to 


> sin(to ) > 0 . 


Therefore, there exists e > 0 such that > 0 on (to, to + e). If xt^ = 0, we can proceed as 
in the beginning of this proof; if xt^ < 0, and since b is non-negative, we have x^ > 0 on 
{to, to + e). Therefore xt is increasing and the piecewise Lipschitz property of b on (—oo, 0) 
gives the uniqueness beyond to, even if b is discontinuous at to- 


□ 


Hypotheses H8 and H9 in Theorem 14.11 and Example 14.31 are satisfied by functions of the form 


b{x) 


ri(x) • si(x) , X > 0 
r2(x) • S2(—x) , X < 0 , 


where ri and r 2 are non-negative and non-increasing, with r 2 piecewise locally Lipschitz, and 
Si and S 2 are positive, non-decreasing, continuous on [0, oo), with 1/si and l/s 2 integrable at 
zero. One can take h{x) = f^ 1/si, and g(x) = f^ l/s 2 . In particular, this family includes the 
non-Lipschitz functions b(x) = |x|“ (0 < a < 1), and, more generally, b(x) = r(x) • |x|“, with 
convenient r; it suffices to take g(x} = h{x) = y^x^““. 
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